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Abstract
In [H. Broersma, H. Li, J. Li, F. Tian, H.J. Veldman, Cycles through subsets with large degree sums, Discrete Math. 171 (1997)
43–54], Duffus et al. showed that every connected graph G which contains no induced subgraph isomorphic to a claw or a net
is traceable. They also showed that if a 2-connected graph G satisfies the above conditions, then G is hamiltonian. In this paper,
modifying the conditions of Duffus et al.’s theorems, we give forbidden structures for a specified set of vertices which assures the
existence of paths and cycles passing through these vertices.
c© 2008 Published by Elsevier B.V.
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1. Introduction
In this paper, we only consider finite undirected graphs without loops or multiple edges. For standard graph-
theoretic terminology not explained in this paper, we refer the reader to [3]. For a family F = {H1, H2, . . . , Hk}
of graphs, a graph G is called an F-free graph if G contains no induced subgraph isomorphic to any Hi with
i = 1, 2, . . . , k. A path or a cycle that includes all vertices of the graph is called a hamiltonian path or a hamiltonian
cycle, respectively. A hamiltonian graph is one that contains a hamiltonian cycle, and a traceable graph is one that
contains a hamiltonian path.
There are a lot of results on the existence of a hamiltonian path or cycle in graphs. As the generalizations of such
researches, some studies on the existence of a path or a cycle passing through specified vertices have been done [1,
2,5]. Though forbidden subgraphs are major tools in finding a hamiltonian path or cycle, there are few results using
the condition on forbidden subgraphs to find a cycle passing through specified vertices. (The result in [5] uses degree
condition in addition to the condition on forbidden subgraphs.) Our main results shown later uses only the condition
on forbidden subgraphs.
Now we go back to the results on hamiltonian paths and cycles. In 1982, Duffus et al. gave the following results.
The graphs claw and net are shown in Fig. 1.
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Fig. 1. Claw and net.
Fig. 2. S-claw and S-net.
Theorem A (Duffus, Gould and Jacobson [4]). Let G be a connected graph. If G is a {claw, net}-free graph, then G
is traceable.
Theorem B (Duffus, Gould and Jacobson [4]). Let G be a 2-connected graph. If G is a {claw, net}-free graph, then
G is hamiltonian.
To extend the above two theorems, we define the following two classes of graphs.
Let G be a graph and S ⊆ V (G). An induced subgraph F ⊆ G is called an S-claw if F satisfies the following
properties (see Fig. 2),
(1) F consists of three paths P1, P2 and P3 such that they have only one common vertex x and V (F) = V (P1) ∪
V (P2) ∪ V (P3) (we call x the root of F),
(2) for any i ∈ {1, 2, 3}, the end vertex of Pi which is not x is contained in S (we call such a vertex of Pi a leaf of F),
(3) for any i ∈ {1, 2, 3}, internal vertices of Pi are contained in V (G) \ S and
(4) E(F) = E(P1) ∪ E(P2) ∪ E(P3).
An induced subgraph F ′ ⊆ G is called an S-net if F ′ satisfies the following properties (see Fig. 2),
(1) F ′ contains a triangle T with V (T ) = {x1, x2, x3} (we call xi a root of F ′),
(2) there exist three vertex disjoint paths P1, P2, P3 such that xi is an end vertex of Pi and V (F ′) = V (P1)∪V (P2)∪
V (P3),
(3) for any i ∈ {1, 2, 3}, the end vertex of Pi which is not xi is a vertex of S (we call such a vertex of Pi a leaf of F ′),
(4) for any i ∈ {1, 2, 3}, internal vertices of Pi are contained in V (G) \ S and
(5) E(F ′) = E(P1) ∪ E(P2) ∪ E(P3) ∪ E(T ).
If there exist no S-claw and no S-net in G, we call G an {S-claw, S-net}-free graph.
In this paper, we prove the following theorems.
Theorem 1. Let G be a connected graph and S ⊆ V (G). If G is an {S-claw, S-net}-free graph, then G contains a
path P such that S ⊆ V (P).
Theorem 2. Let G be a 2-connected graph and S ⊆ V (G). If G is an {S-claw, S-net}-free graph, then G contains a
cycle C such that S ⊆ V (C).
A {V (G)-claw, V (G)-net}-free graph is a {claw, net}-free graph. Hence, Theorems 1 and 2 are equivalent to
Theorems A and B in case of S = V (G). This shows that Theorems 1 and 2 are extensions of Theorems A and
B. Since each of the conditions “claw-free” and “net-free” are necessarily in Theorems A and B (see [4]), each of the
conditions “S-claw-free” and “S-net-free” cannot be dropped in Theorems 1 and 2.
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2. Preliminary lemmas
In this section, we assume that G is an {S-claw, S-net}-free graph, where S ⊆ V (G). We can easily obtain the
following lemma.
Lemma 1. For any x ∈ V (G) \ S, G − x is an {S-claw, S-net}-free graph.
For a graph G with connectivity 2, we let T (G) denote the set of triples (T ; A, B) of subsets of V (G) such that
{T, A, B} is a partition of V (G), |T | = 2, A 6= ∅, B 6= ∅, and no edge of G joins a vertex in A and a vertex in B.
Lemma 2. Let G be a graph with connectivity 2, S ⊆ V (G) and (T ; A, B) ∈ T (G)with T = {x, y}. If A ⊆ V (G)\S,
then (G − A)+ xy is a 2-connected {S-claw, S-net}-free graph.
Proof. For every two vertices in V ((G−A)+xy), there exists a cycle which contains them, because G is 2-connected.
Therefore (G − A)+ xy is 2-connected. Suppose that (G − A)+ xy contains an S-claw or an S-net F . If xy ∈ E(G)
or xy 6∈ E(F), F is an S-claw or an S-net in G, a contradiction. Hence xy 6∈ E(G) and xy ∈ E(F). In the case of
both x and y roots of an S-net F , F − xy contains an S-claw in G, a contradiction. Hence we may assume that either
x or y is not a root of F . Let P ⊆ G − B be a shortest path which joins x and y. Now (F − xy) ∪ P is an S-claw or
an S-net in G, a contradiction. 
3. Proof of Theorem 1
Let G be a connected graph and S ⊆ V (G). Suppose G is an {S-claw, S-net}-free graph and G has no path P with
S ⊆ V (P). Let G be a graph and S a subset of V (G) such that |V (G) \ S| is as small as possible. By Theorem A, we
obtain V (G) \ S 6= ∅.
If there exists x ∈ V (G)\S such that G−x is connected, then Lemma 1 implies that G−x satisfies the assumptions
of Theorem 1. By the minimality of |V (G) \ S|, there exists a path P in G − x which contains all the vertices of S.
Now P is also a path in G with S ⊆ V (P), a contradiction. Hence we may assume that every vertex in V (G) \ S is a
cut vertex of G. Let x ∈ V (G) \ S and S′ = S ∪ {x}.
Now we show that G is an {S′-claw, S′-net}-free graph. Suppose there exists F which is an S′-claw or an S′-net
in G. Since G is {S-claw, S-net}-free, F contains x as a leaf of F . Hence F − x is contained in some component of
G − x . Since x is a cut vertex of G, there exists a component M of G − x which does not contain F − x . And since
each vertex of V (G) \ S is a cut vertex of G, we can see V (M) ∩ S 6= ∅. Take a ∈ V (M) ∩ S and an a–x path Q so
that |V (Q)| is as small as possible. Then Q ∪ F is an S-claw or an S-net in G, a contradiction. This implies that G is
{S′-claw, S′-net}-free.
By the minimality of |V (G) \ S|, G contains a path P containing all the vertices of S′. Since S ⊆ S′, P contains
all the vertices of S. This contradicts the assumption of G and completes the proof of Theorem 1. 
4. Proof of Theorem 2
Let G be a 2-connected graph and S ⊆ V (G). Suppose G is {S-claw, S-net}-free and there is no cycle C with
S ⊆ V (C). Take such a graph G and S ⊆ V (G) as
(1) |V (G)| is as small as possible,
(2) |V (G) \ S| is as small as possible, subject to (1), and
(3) |E(G)| is as large as possible, subject to (1) and (2).
If V (G) \ S = ∅, then by Theorem B there exists a cycle C such that S ⊆ V (C). Hence V (G) \ S 6= ∅. Let
x ∈ V (G) \ S. If G − x is a 2-connected graph, then by the minimality of |V (G)| and Lemma 1, G − x contains a
cycle C such that S ⊆ V (C). Now C is also a cycle in G with S ⊆ V (C), a contradiction. It follows that there exists
(T ; A, B) ∈ T (G) with x ∈ T . Let T = {x, y}.
Claim 1. A ∩ S 6= ∅ and B ∩ S 6= ∅.
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Proof. Suppose A ∩ S = ∅. Then by Lemma 2, (G − A) + xy is a 2-connected {S-claw, S-net}-free graph. By the
minimality of |V (G)|, there exists a cycle C ⊆ (G − A) + xy with S ⊆ V (C). Since G contains no cycle passing
through all the vertices of S, we may assume that xy 6∈ E(G) and xy ∈ E(C). Take an x–y path P ⊆ G[A ∪ {x, y}].
Then (C − xy) ∪ P is a cycle passing through all the vertices of S, a contradiction. 
Claim 2. |A| = 1 or |B| = 1.
Proof. Suppose |A| ≥ 2 and |B| ≥ 2. Let G A be a graph such that V (G A) = V (G − A) ∪ {a} and E(G A) =
E(G − A) ∪ {ax, ay}, where {a} is a new vertex. Let SA = (S \ A) ∪ {a}. (Note that |G| > |G A|.)
Now we show that G A is an {SA-claw, SA-net}-free graph. Suppose that G A is not an {SA-claw, SA-net}-free
graph. Then for any SA-claw or SA-net F in G A, V (F) contains a, otherwise F is an S-claw or an S-net in G. Since
dGA (a) = 2, a is not a root of F . Hence a ∈ SA implies that a is a leaf of F . Since ax, ay ∈ E(G A) and a is a leaf
of F , we can see that |{x, y} ∩ V (F)| = 1. Let {z} = {x, y} ∩ V (F). Take an (A ∩ S)-z path P in G[A ∪ {z}] as
|V (P)| is as small as possible. Then (F − a) ∪ P is an S-claw or an S-net in G, a contradiction. This shows that G A
is {SA-claw, SA-net}-free.
By the minimality of |V (G)|, there exists a cycle CA in G A such that SA ⊆ V (CA). Hence we obtain an x–y path
PA in G − A such that S ∩ B ⊆ V (PA). By the same argument as above, there exists an x–y path PB in G − B which
satisfies S ∩ A ⊆ V (PB). Now PA ∪ PB consists of a cycle with S ⊆ V (PA ∪ PB), a contradiction. 
Without loss of generality, we may assume that |A| = 1. Let A = {a}. Since A ∩ S 6= ∅, we have a ∈ S.
Claim 3. G + xy is an {S-claw, S-net}-free graph.
Proof. Since G is {S-claw, S-net}-free, we may assume that xy 6∈ E(G). Let G ′ = G + xy. Suppose that there exists
an S-claw or an S-net F in G ′. If xy 6∈ E(F), F is an S-claw or an S-net in G, a contradiction. Hence we may assume
that E(F) contains xy. Since ax, ay ∈ E(G) and dG(a) = 2, we have a 6∈ F . Suppose F is an S-net and both x and y
are roots of F . Then F− xy contains an S-claw in G, a contradiction. Hence we may assume that F is an S-claw or F
is an S-net and either x or y is not a root of F . Then F−xy is disconnected. Let F ′ be a component of F−xy such that
F ′ contains a root of F . Let {z} = V (F ′) ∩ {x, y}. Then F ′ + za is an S-claw or an S-net in G, a contradiction. 
By Claim 3 and the maximality of |E(G)|, we may assume that xy ∈ E(G). Let S′ = S ∪ {x}.
Claim 4. G is an {S′-claw, S′-net}-free graph.
Proof. Suppose that G contains an S′-claw or an S′-net F . If x is not a leaf of F , F is an S-claw or an S-net in G, a
contradiction. Hence we may assume that F contains x as a leaf of F . If y ∈ V (F), then (F − x)+ ay is an S-claw
or an S-net in G, a contradiction. If y 6∈ V (F), then F + ax is an S-claw or an S-net, also a contradiction. 
By Claim 4 and the minimality of |V (G) \ S|, there exists a cycle C with S′ ⊆ V (C). Since S ⊆ S′, C contains all
vertices of S, which contradicts the assumption of G and completes the proof of Theorem 2. 
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